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Abstract 
Recently, the generalized hypergeometric function is extended by utilizing the Beta 
function. Based on this type of function, we introduce a new operator in the open unit 
disk. The present article investigates some subordination and superordination results 
for certain normalized analytic functions in the open unit disk, which are acted upon 
by the generalized Noor integral operator. Some of outcomes improve and generalize 
previously known outcomes.
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Background
The theory of hypergeometric functions theaters significant and imposing role in the 
study of the fractional calculus and the geometric function theory. It motivates the the-
ory of univalent functions, by attractive to current research after their utilization in the 
proof of great famous problem in geometric function theory which is called by the Bie-
berbach’s conjecture. This theory has been developed with enriched many presentations 
and simplification by protruding complex analysis.
Let H(U) be the class of all holomorphic functions φ(z) which are defined in the unit disk 
U. For α ∈ C and n ∈ N, we let H [a, n] = {φ ∈ H(U) : φ(z) = a+ anzn + an+1zn+1 + · · ·} 
and A be the subclass of H(U) consisting of functions of the form
For functions φ(z), given (1), and ψ(z) given by
the Hadamard product (or convolution) of φ(z) and ψ(z) is defined by




n, (z ∈ U).




n, (z ∈ U).
(3)




n, (z ∈ U).
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For φ and ϕ be members of the function class H(U), the function φ is said to be sub-
ordinate to ϕ, or ϕ is superordinate to φ, if there is an analytic function θ(z) in U with 
θ(0) = 0 and |θ(z)| < 1 for all z ∈ U, such that φ(z) = ϕ(θ(z)). In this case, we write 
φ ≺ ϕ, or φ(z) ≺ ϕ(z). Furthermore, if the function ϕ is univalent in U , then we have the 
following equivalence (Miller and Mocanu 2000):
Let φ : C2 −→ C and let ϑ be univalent in z ∈ U. If ρ is analytic in U and satisfies the 
differential subordination φ(ρ(z), zρ′(z)) ≺ ϑ(z) then ρ is called a solution of the differ-
ential subordination. The univalent function η is called a dominant of the solutions of the 
differential subordination, ρ ≺ η. If ρ and φ(ρ(z), zρ′(z)) are univalent in U and satisfy 
the differential superordination ϑ(z) ≺ φ(ρ(z), zρ ′(z)) then ρ is called a solution of the 
differential superordination. An analytic η is called subordinate of the solution of the dif-
ferential superordination if η ≺ ρ (Miller and Mocanu 2003).
For real or complex numbers α,β , γ other than 0,−1,−2, . . . the Gaussian hypergeo-
metric function is defined by de Branges (1985)
where (α)n is the Pochhammer symbol defined by
and achieved
Let B(x, y) be the familiar Beta function defined by Srivastava et al. (2012, p. 8))
Here Ŵ denotes the Euler’s Gamma function (see, e.g., Srivastava and Choi 
2012,  Section  1.1). Srivastava et  al. (2014) Ba,b;κ ,µp (x, y), introduced the extended Beta 
function as follows
The special case of  (5) when p = 0 is seen to immediately reduce to the familiar beta 
function B(x, y) (min {R(x),R(y)} > 0) (Srivastava and Choi 2012).
Agarwal et  al. (2015) introduced the extended Gauss hypergeometric function as 
follows
φ(z) ≺ ϕ(z) (z ∈ U) ⇐⇒ φ(0) = ϕ(0), φ(U) ⊂ ϕ(U).









α(α + 1)β(β + 1)
γ (γ + 1)
z2
2!






1, n = 0
α(α + 1) . . . (α + n− 1), n = {1, 2, . . .}
(i) n(℘)n = ℘[(℘ + 1)n − (℘)n]






σ x−1(1− σ)y−1dσ (R(x) > 0;R(y) > 0)
Ŵ(x)Ŵ(y)















κ ≥ 0,µ ≥ 0, R(p) ≥ 0, min{R(a),R(b)} > 0,R(x) > −R(κa),R(y) > −R(µa)
)
.
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The special case of  (6) p = 0, m = 0 is noted to reduce to the ordinary Gauss hyper-
geometric function F(α,β; γ ; z) (Agarwal et al. 2015). Ibrahim et al. (2015b) introduced 
a generalized Noor integral operator using a fractional hypergeometric function as 
follows:
where
In view of (7), we get
In particular, we have
where the integral operator I℘(α,β , γ )φ(z) was investigate by Noor (2006).
Making use of the principle of subordination various subordination theorems involv-
ing certain operators for analytic functions in U were investigated by Miller and Mocanu 
(2000) and Owa and Srivastava (2004). Further, Bulboaca (2002a, b) and Miller and 
Mocanu (2003) extended the study to differential superordination as the dual problem 
of differential subordination, later the study has been taken by many researchers such 
as, Ali et al. (2005), Murugusundaramoorthy and Magesh (2006), and Shanmugam et al. 
(2006), Magesh and Murugusundaramoorthy (2008), Mostafa and Aouf (2009), Aouf 
and Mostafa (2010), Cho et al. (2011), Magesh (2011), Ibrahim et al. (2015a), and others.
(6)







p (β + n, γ − β +m)
B(β + n, γ − β +m)
zn
n!




p;κ ,µ(γ ;α,β; z;m) : A −→ A,
Q
℘
p;κ ,µ(γ ;α,β; z;m)φ(z) = �
(
zFa,b;κ ,µp (α,β; γ ; z;m)
)−1
∗ φ(z), (z ∈ U)
Q
℘






�B(β + n− 1, γ − β +m)
B
a,b;κ ,µ
p (β + n− 1, γ − β +m)






p (β , γ − β +m)
B(β , γ − β +m)
,
(







B(β + n− 1, γ − β +m)
B
a,b;κ ,µ
p (β + n− 1, γ − β +m)








p;κ ,µ(γ ;α,β; z;m)φ(z)
]′
= (℘ + 1)Q
℘+1
p;κ ,µ(γ ;α,β; z;m)φ(z)− ℘ Q
℘
p;κ ,µ(γ ;α,β; z;m)φ(z).
Q
℘
0;κ ,µ(γ ;α,β; z; 0)φ(z) = I℘(α,β , γ )φ(z)
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Related to the present investigation, we mention some of them in recent years. In Ibra-
him and Darus (2008), the first author applied a method based on the differential sub-
ordination and superordination in order to obtain results involving generalized Noor 
integral operator utilizing the Fox- Wright function for a normalized analytic function 
φ(z), z ∈ U and is denoted by I[(αj ,Aj)1,q; (βj ,Bj)1,p]φ(z). Also they studied the suffi-
cient condition to satisfy
for some convex functions η1 and η2. with η1(0) �= 0 and η2(0) �= 0.
Aouf and Seoudy (2013) investigated some subordination and superordination results 
for certain p-valent functions in the open unit disc, which acted upon by a class of a lin-
ear operator denoted by Im,lp,q,s,(α1)φ(z). Further, they studied the sufficient condition to 
satisfy
for some convex functions η1 and η2. with η1(0) �= 0 and η2(0) �= 0.
Magesh et al. (2014) studied the subordination and superordination results of the lin-
ear operator denoted by �[α1](φ)(z). Also, they discussed the sufficient condition to 
satisfy
for some convex functions η1 and η2 with η1(0) �= 0 and η2(0) �= 0 and 
�(z) = z +
∑∞
n=2 nz
n,�(z) = z +
∑∞
n=2 µnz
n are analytic functions in U with 
n ≥ 0,µn ≥ 0 and n ≥ µn.
Ibrahim et al. (2015b) investigated some differential subordination and superordina-
tion results regarding the generalized integral operator defined by  (7). Moreover, we 
investigate sufficient condition for a normalized analytic function φ(z), z ∈ U to satisfy
for some convex functions η1 and η2.
In this present paper, we study some differential subordination and superordination 
results for new subclasses regarding the generalized integral operator defined by  (7). 
Moreover, we investigate sandwich results containing the given generalized integral 
operator for certain a normalized analytic function φ(z), z ∈ U such that (φ ∗�)(z) �= 0 
to satisfy
η1(z) ≺
[zI[(αj ,Aj)1,q; (βj ,Bj)1,p]φ(z)]
′










































p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
]ν
≺ η2(z),
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for some convex functions η1 and η2 and �(z) = z +
∑∞
n=2 nz




are analytic functions in U with n ≥ 0,µn ≥ 0 and n ≥ µn.
Preliminaries
In order to prove our subordination and superordination results, we need to the follow-
ing lemmas in the sequel.
Definition 1 (Miller and Mocanu 2003) Let Q denote the set of functions φ that are 
analytic and univalent on U\E(φ), where E(φ) = {ξ ∈ ∂U : lim
z−→ξ
φ(z) = ∞}, is such that 
min |φ′(ξ)| = p > 0 for ξ ∈ ∂U\E(φ).
Lemma 1 (Miller and Mocanu 2000) Let ρ be univalent in the unit disk U and  and 
let  be analytic in a domain D containing ρ(U) with φ(ω) �= 0 when ω ∈ η(U). Set 
Q(z) := zη′(z)�(η(z)) and ϑ(z) := �(ρ(z))+Q(z). Suppose that
1. Q(z) is starlike univalent in U,
2. R(zϑ ′(z)/Q(z)) > 0 for z ∈ U.
If ρ is analytic with ρ(0) = η(0), ρ(U) ⊂ D and
then ρ(z) ≺ η(z), and η(z) is the best dominant.
Lemma 2 (Bulboaca 2002a) Let η be convex univalent in the unit disk U and  and let  
be analytic in a domain D containing η(U). Suppose that
1. zη′(z)�(η(z)) is starlike univalent in U,
2. R{�′(η(z))/�(η(z))}) > 0 for z ∈ U.
If ρ(z) ∈ H [η(0), 1] ∩Q with ρ(U) ⊆ D and �(ρ(z))+ zρ′(z)�(ρ(z)) being univalent in 
U and
then η(z) ≺ ρ(z), and η(z) is the best subordinant.
Sandwich outcomes
By making use of Lemmas 1, we first prove the following subordination results.
Theorem 1 Let �,� ∈ A, i ∈ C (i = 1, 2, 3), 3 �= 0, σ , ν ∈ C and η(z) �= 0 be univa-
lent in U such that zη′(z)/η(z) is starlike univalent in U and
If φ ∈ A satisfies the subordination
�(ρ(z))+ zρ′(z)�(ρ(z)) ≺ �(η(z))+ zη′(z)�(η(z)),













> 0, (z ∈ U).
Page 6 of 12Ibrahim et al. SpringerPlus  (2016) 5:375 
then
and η(z) is the best dominant.
Proof Our aim is to apply Lemma 1. Setting
Computation shows that
which yields the following subordination:
By setting
it can be easily observed that �(ω) is analytic in C and �(ω) is analytic in C\{0} and that 











p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
�ν
+ 3σ(℘ + 1)

Q℘+1p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘




+ ν(℘ + 2)

1− Q℘+2p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘+1
p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)


































= 3σ(℘ + 1)

Q℘+1p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘




+ ν(℘ + 2)

1− Q℘+2p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘+1
p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)

,
1 + 2ρ(z)+ 3
zρ′(z)
ρ(z)




�(ω) := 1 + 2 ω, �(ω) :=
3
ω
, π �= 0,
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we find that Q(z) is starlike univalent in U and that
 
Corollary 1 Let the assumptions of Theorem 1 hold. Then the subordination
implies
and η(z) is the best dominant.
Proof By letting ν = 0 in Theorem 1, we have the required result.  
Corollary 2 Let the assumptions of Theorem 1 hold. Then the subordination
implies
and η(z) is the best dominant.
Proof By letting σ = 0 in Theorem 1, we have the required result.  
Theorem 2 Let η(z) �= 0 be convex univalent in the open unit disk U. Suppose that




































p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
z
�σ
+ 3σ(℘ + 1)

Q℘+1p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘




















p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
�ν
+ ν(℘ + 2)

1− Q℘+2p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘+1
p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)



















≥ 0, ν, π ∈ C, π �= 0, for z ∈ U ,
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is univalent in U and the subordination
holds, then
and η(z) is the best subordinant.
Proof Our aim is to apply Lemma 2. Setting
Computation shows that











p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
�ν
+ 3σ(℘ + 1)

Q℘+1p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘




+ ν(℘ + 2)

1− Q℘+2p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘+1
p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)

,
1 + 2η(z)+ 3
zη′(z)
η(z)










p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
�ν
+ 3σ(℘ + 1)

Q℘+1p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘




+ ν(℘ + 2)

1− Q℘+2p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘+1































= 3σ(℘ + 1)

Q℘+1p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘




+ ν(℘ + 2)

1− Q℘+2p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘+1
p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)

,
1 + 2η(z)+ 3
zη′(z)
η(z)
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By setting
it can be easily observed that �(ω) is analytic in C and �(ω) is analytic in C\{0} and that 
�(ω) �= 0 when ω ∈ C\{0}. Also, we obtain
Then the relation (12) follows by an application of Lemma 2.  
Corollary 1 Let the assumptions of Theorem 1 hold. Then the subordination
implies
and η(z) is the best subordinant.
Proof By letting ν = 0 in Theorem 1, we have the required result.  
Corollary 3 Let the assumptions of Theorem 1 hold. Then the subordination
implies
and η(z) is the best subordinant.
Proof By letting σ = 0 in Theorem 1, we have the required result.  
�(ω) := 1 + + 2ω, �(ω) :=
3
ω

















p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
z
�σ
+ 3σ(℘ + 1)

Q℘+1p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘





















p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
�ν
+ ν(℘ + 2)

1− Q℘+2p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘+1
p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)











p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
]ν
,
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Combining Theorems 1 and 2, in order to get the following sandwich theorem.
Theorem  3 Let η1(z) �= 0, η2(z) �= 0 be convex univalent in the open unit disk 
U , i ∈ C (i = 1, 2, 3), 3 �= 0, σ , ν ∈ C and let η2(z) satisfy  (9) and η1(z) satisfy  (11) 











∈ H [1, 1] ∩Q, where ,  ∈ A,
is univalent in U and the subordination
holds, then
and η1(z) is the best subordinant and η2(z) is the best dominant.  











p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
�ν
+ 3σ(℘ + 1)

Q℘+1p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘




+ ν(℘ + 2)

1− Q℘+2p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘+1
p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)

,















p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
�ν
+ 3σ(℘ + 1)

Q℘+1p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘




+ ν(℘ + 2)

1− Q℘+2p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
Q
℘+1
p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)


















p;κ ,µ(γ ;α,β; z;m)(φ ∗�)(z)
]ν
≺ η2(z),




 is the best subordinant and 1+A2z
1+B2z
 is the best dominant.




< A2 ≤ 1) in Theorem 3.  
Conclusion
By the term of the extend fractional hypergeometric function, we defined a new frac-
tional integral operator in the open unit disk. This operator is a generalization of the well 
known Noor integral operator. Based on this operator, many subclasses may introduce in 
the geometric function theory. In this study, we concerned with a specific class of ana-
lytic function called of convolution type. This class imposed several well known classes.
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